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ABSTRACT: The purpose of this paper is to obtain a common fixed point theorem for weakly compatible self-map
satisfying the property CLRg using implicit relation on an Intuitionistic fuzzy metric space without involving the
requirement of continuity of the maps which will also generalize and improve several results of metric spaces and fuzzy
metric space into intuionistic fuzzy metric spaces
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I. INTRODUCTION

The concept of fuzzy sets was introduced initially by Zadeh [11] in the year 1965. As a generalization of fuzzy sets,
Atanassove [24] introduced the concept of Intuitionistic fuzzy sets. Further Coker [25] introduced the idea of the
topology of Intuitionistic fuzzy sets. Intuitionistic fuzzy sets deals with both degree of nearness and degree of non-
nearness. In 2004, Park [15] defined the notion of Intuitionistic fuzzy metric space with the help of continuous t-norms
and continuous t-conorms as a generalization fuzzy metric space due to George and Veeramani [4]. Alea et al. defined
the notion of Intuitionistic fuzzy metric space with the help of continuous t-norms and continuous t-conorms as a
generalization of fuzzy metric space due to Kramosil and Michale [6]. In 2006, Turkoglu et al. [12] extended the notion
of compatible mappings to IFM-spaces. In 2002, Aamri and ElI-Moutawakil [23] defined the notion of property (E.A) in
metric spaces for self mappings which contained the class of non-compatible mappings in metric spaces. Most recently,
Sintunavarat and Kumam [26] defined the notion of “Common limit in the range” property or CLR property in fuzzy
metric spaces. Many authors have proved a number of fixed point theorems for different contractions in IFM-spaces.
The aim of this paper is prove a common fixed point theorem in Intuitionistic fuzzy metric spaces using the notion of
CLRg property.

In this note, we prove common fixed point theorem for weakly compatible self —maps in Intuitionistic fuzzy metric
spaces using the common limit in the range property of mappings called (CLR) property. Our results fuzzify, generalize
and improve several results of metric spaces and fuzzy metric space into intuionistic fuzzy metric spaces

Il. PRELIMINARIES

Definition 1 [7] A binary operation =: [0,1] %< [0,1] — [0,1] is called a continuous t-norm if ([0, 1], * ) is an abelian
topological monoid with the unit 1 such thata = b < ¢ * d whenever a < candb <d for all a,b,c,d € [0,1]. Examples
of t-normsarea = b = abanda = b = min {a, b}

Definition 2 [7] A binary operation ¢:[0,1] % [0,1] — [0,1] is continuous t-conorm if ¢ is satisfying the following
conditions:
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2.1 ¢ is commutative and associate

2.2 ¢ is continuous

23 a¢0=aforalla€[01]

24 adb<c¢dWhenevera<candb < dforalla,b,cd e [0,1]

Definition 3 [4] The 3-tuple (X, M, *) is called a fuzzy metric space (FM-space) if X is an arbitrary set = is a
continuous t-norm and M is a fuzzy set in X2 x (0, ) satisfying the following conditions for all x,y,z € Xand t,s > 0.
3.1M(x,y,0) >0

32MKX,y, ) =1,Vt>0iffx=y

3.3 M(x,y,t) = M(y, x, 1),

3.4 M(x,y, 1) * M(y,z,5) < M(X,z,t+5)

3.5 M(x,y, .):[0,0] — [0,1] is continuous.

Remark 1 since = is continuous, it follows from (2.3.4) that the limit of a sequence in FM-space is uniquely determined

Definition 4 [16] A five —tuple (X, M, N, *, 0) is said to be an Intuitionistic fuzzy metric space if X is an arbitrary set *
is a continuous t — norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on X2 x (0, e0) satisfying the following
conditions for all x,y,z € X,s,t >0

41MX Y 1) +N(Xxy <1

42M(x,y,t) >0

4.3 M(x,y,t) = M(y,x, 1)

4.4M(X Y, 1) * M(y, z,8) < M(X,Z,t +5)

45M(x,y,.): (0,) - (0,1) is continuous

4.6 N(x,y,t) >0

47N Y, 1) =Ny, xt)

4.8N(XY,t) 0 N(y,z,8) = N(X,z,t+5)

4.9N(xy,.):(0,0) - (0,1] is continuous

Then (M, N) is called an Intuitionistic fuzzy metric on X, the function M(x,y, t) and N(X, y, t) denote the degree of
nearness and the degree of non- nearness between x and y with respect to t respectively.

Remark 2 Every fuzzy metric space (X, M, ) is an intuitionistic fuzzy metric space of the form (X, M, 1 — M,*,0) such
that t-norm * and t-conorm ¢ are associated i.e. X ¢ y =1 — ((1 — x) = (1 —y)) for any x,y € [0,1] but the converse is
not true.

Example 1 Induced Intuitionistic fuzzy metric space [1]
Let (X, d) be a metric space denotea+*b =abanda ¢ b =min{1,a+ b} for all a,b € [0,1] and let M, and N be fuzzy

sets on X2 x (0, oo) defined as follows
t

MY, D = 5
_ _d&y)
N(Xl yt t) - t+d(X,y)

Then (X, M, N,*,0) is an Intuitionistic fuzzy metric space. We call this intuitionistic fuzzy metric induced by a metric d
the standard intuitionistic fuzzy metric

Remark 3 Note that the above example holds even with the t-norm a * b = min {a, b} and the t-conorm
a0 b =max{a, b}

Example 2 Let X = N definea*b =max{0,a+b—1}anda¢b =a+b —ab forall a,b € [0,1] and let M and N be
fuzzy sets on X2 x (0, ) as follows
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Xitx<y
VST ESE
;IfySX
Y Xitv<y
Ny D=4, Y
—ify <x

X
forall x,y € Xand t > 0 then (X, M, N,*,0) is an Intuitionistic fuzzy metric space.

Remark 4 Note that in above example, t-norm = and t- conorm ¢ are not associated, and there exist no metric d on X

satisfying  M(x,y,t) = t+azx,y>

d(x,
& N(xy,t) :—Hf;;j’y)

where M(x,y,t) and N(x,y,t) are defined in above example, also note that the above functions (M, N) is not an
Intuitionistic metric with the t-norm and t-conorm defined asa =« b = min {a,b} a ¢ b = max {a, b}

Definition 5 [1] Let (X, M, N,*,0) be an intuitionistic fuzzy metric space then
(@) A sequence {x,} in X is said to be convergent to x in X if for each € > 0 and each t > 0 there exists n, € N such
that
M(Xp, X, 1) >1—¢
and
N(Xp, % t) <eForalln = n,
(b) An Intuitionistic fuzzy metric space in which every Cauchy sequence is convergent is said to be complete

Definition 6 [19] Let A and B maps from an Intuitionistic fuzzy metric space (X, M, N,x,¢)into itself. The maps A and
B are said to be compatible (or asymptotically commuting) if for all t > 0
lim,_M(ABXx,,BAX 1) =1
and
lim,_N(ABx,,BAX,,t) =0
Whenever {x,} is a sequence in X such that lim,_,,Ax, = lim,_,Bx, =z for some z € X

Definition 7 [21] Two mappings A and B of an Intuitionistic fuzzy metric space (X, M, N,*,0) into itself are R-weakly
commuting provided there exists some real number R such that
M(ABX, BAX, t) = M(AXx, Bx,t/R)
and
N(ABx,BAX, t) < N(Ax,Bx,t/R) foreachx € Xandt>0

Definition 8 [20] Let f and g be two self mappings of an Intuitionistic fuzzy metric space(X, M, N,*,0). We say that f
and g satisfy the property (E.A) if there exists a sequence {x,} such that
lim, X, = lim,_ 9%, =t For somet € X

Definition 9 [20] Two self mappings f and g of an Intuitionistic fuzzy metric space (X, M, N,,¢) are said to satisfy the
property (CLRg) if there exists a sequence {x,} in X such that

lim o f(xy) = lim_,a(x,) = g(p) For somep € X
Similarly we can have the property (CLR) and the property (CLRg) if mapping f and g is replaced by T and S
respectively.

Lemma 1[1] In Intuitionistic fuzzy metric space X, M(x,y,.) is non decreasing and N(X,y, .) is non increasing for all
X,y €EX
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Lemma 2 [1] Let (X, M, N,*,0) be an intuitionistic fuzzy metric space if there exist k € (0,1) such that
My, kt) = M(x,y,t) and N(x,y,kt) < N(x,y,t) forallx,y € X, then x =y

Definition 10 We define an implicit relation as, let ®;and¥s denote the set of all continuous functions from [0,1]° —
R satisfying the conditions
®,: @ is non-increasing in t,, t; t,and ts
®,:d (u,v,v,v,v) =0 = u =vfor uvel01]
and
W, W is non-decreasing in t,, t; t,and ts
Y,:¥Y(u,v,v,v,v) =0=u<v foru,v e [01]
Example @ (t;,t,,t5,t,,ts) =t; — max{t,, t5, t,, ts}
and  W(ty, ty ts,t,ts) = min {t,,t5,t, 8, t6} — t;

I1l. MAIN RESULT

Theorem 1 Let A, B, S and T be self- maps of an Intuitionistic fuzzy metric space (X, M, N,*,0) satisfying the following
conditions:

(3.1) A(X) € T(X),B(X) S S(X)

(3.2) (A,S)and (B, T) are weakly compatible pairs

(3.3) (A, S)or (B, T) satisfy the property (CLRs) and (CLRT) respectively.

(3.4) For some @ € & and¥ € W, and forall x,y € X,t >0 & ke (0,1),

M(AX, By, kt), M(Sx, Ty, t), MEYSxOMBy Ty
¢ M(Ax,Ty,t) +M(Sx,Ax,t) : =0
’ ’2 —= M(Sx, Ax, )
| [ NAxBYKONGXTY.D, ROy SO MOV, .
and ¥ >
N(Ax,Ty,t):N(Sx,Ax,t) ’ N(SX, AX, t)

If the rénge of one of the maps A,B,SorTis a compiete subspace of X. then A,B,Sand T have a unique common fixed
pointin X.

Proof: Without loss of generality, assume that B(X) € S(X) and the pair (B, T) satisfies property (CLRy), then there exist
a sequence {x,} in X such that Bx, and Tx,, converges to Tx, for some x in X as n — oo. SinceB(X) < S(X), so there exist
a sequence {y,} in X such that Bx,, = Sy, , hence Sy, —» Txasn — o. We shall show that lim,_ Ay, = Tx.

Suppose Ay, —» W(= Tx) then by takingx = y,,, y = x,, in (3.4)

M(AY;, By, kt), M(SYp, Ty, 1), RS0t Tin ) .
>

¢ M(Ayn Txn,t) +M(Syn.Ayn ) =
P I M(SY s AYn, 1)

Letting n — oo we get
M(w, Tx, kt), M(Tx, Tx, £), TR0 IR0,
>0

© >
M(w,Tx,t);—M(Tx,w,t) ’ M(TX, W, t)

= @[M(w, Tx, kt), 1,1, M(w, Tx, t), M(w, Tx,t)] = 0
= @[M(w, Tx, kt), M(w, Tx, t), M(w, Tx, t), M(w, Tx, t), M(w, Tx, t)] = 0 since @ is non-increasing in t,and t,
Therefore using the property ¢, , we have M(w, Tx, kt) = M(w, Tx, t)
Also,
NCAYp, B, k), N(SY, Ty, 1), M n 2 MEinTon),
>0

N(Ayn,Txn t)+N(Syn,Ayn.t) =
TSI N(SYy AV, 1)
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Letting n — oo we get
N(w, Tx, kt), N(Tx, Tx, t), P00
>0

N(Tx,Tx,t)+N(Tx,w,t) =

. CN(Tx, w, t)
= W[N(w, Tx kt), 0,0, N(w, Tx, t), N(w, Tx,t)] = 0
= WIN(w, Tx, kt), N(w, Tx, t), N(w, Tx, t), N(w, Tx, t), N(w, Tx, t)] = 0 since ¥ is non-decreasing in t,and t;
Therefore using the property®,, we have N(w, Tx, kt) < N(w, Tx,t)
Thus by using lemma 2.2 we have Tx =w
This shows that Ay, - Txasn — oo,

Now suppose that S(X) is a complete subspace of X then Tx = Su for someu € X. Subsequently we have,
Ay, - Su,Bx, - Su, Tx, » Suand Sy, - Su .ash - o«
Again taking X = u, y =X, in(3.4), we have,

M(AU, BX,,, kt), M(SU, Tx,,, t), ExnSu.+M(Exy Txn O

2
® >0
M(Au,Txn,t)2+M(Su,Au,t) ’ M(Su,Au, t)

Leiting n — oo we get
M(Au, Su, kt), M(Su, Su, ), e Su0HEuSuD .
>

. >
M(Au,Su,t)wZLM(S“'Au't) ,M(Su, Au, t)

= @[M(Au, Su, kt), 1,1, M(Au, Su, t), M(Au, Su, t)] = 0
= @[M(Au, Su, kt), M(Au, Su, t), M(Au, Su, t), M(Au, Su, t), M(Au, Su,t)] = 0 since @ is non-increasing in
t,and t,
Therefore using the property «, , we have M(Au, Su, kt) = M(Au, Su, t)
Also,
N(Au, Bxy,, kt), N(Su, Tx,, 1), N(BX"'Su't)ZN(BX"'TX"'t) 0
>

N(Au,Txp,t)+N(Su,Au,t) =

. ,N(Su, Au, t)

v

Let:ting n — oo we get

N(AU, Su, kt), N(Su, Su, £), XS0 N Gusud
b4 N(Au,Su,t)+N(Su,Au,t) =0

. ,N(Su, Au, t)

= Y[M(Au, Su, kt), 0,0, M(Au, Su, t), M(Au, Su, t)] = 0

= W[M(Au, Su, kt), M(Au, Su, t), M(Au, Su, t), M(Au, Su, t), M(Au, Su,t)] = 0 since ¥ is non-decreasing in
t,and t,

Therefore using the property ¥, , we have N(Au, Su, kt) > N(Au, Su, t)

Therefore by using lemma 2.2 we have Au = Su

But weak compatibility of A and S implies ASu = SAu

this implies AAu = ASu = SSu

On the other hand since A(X) € T(X) , therefore there exist u, v € X. such that Au = Tv. now we show that Tv = Bv..

Again takingx = u, y = v (3.4) we have

M(AU, B kD), M(Su, Tv, ), MEMERD |
. >
M(Au,Tv,t);M(S“'Au't) ,M(Su, Au, t)
M(Tv, Bv, kt), M(Tv, Tv, 1), M(Bv,Tv,t);LM(Bv,Tv,t) ’
> M(Tv,Tv,t)+M(Au Au,t) M(Au, Au, t) =7

2
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= @[M(Tv,Bv, kt), 1, M(Tv,Bv,1),1,1] = 0
= @[M(Tv,Bv, kt), M(Tv, Bv, t), M(Tv, Bv,t), M(Tv, Bv,t), M(Tv,Bv,t)] = 0 since & is non-increasing in

t,,t,and tg
Therefore using the property ¢, , we have M(Tv, Bv,kt) = M(Tv,Bv,t)
Also,

N(Au,Bv, kt), N(Su, Tv, t), HESLONEVIVD, .

>
N(Au,Tv,t);LN(Su,Au,t) ’ N(Su,Au, t)
N(Tv, B, kt), N(Tv, Tv, ), HEr T NEvTvD,
>y >0
N(Tv,Tv,t)+N(Au,Au,t) N ( Au, Au, t)

2
= W[N(Tv,Bv, kt), 0, N(Tv,Bv,t),0,0] =0
= WY[M(Tv,Bv, kt), M(Tv, Bv, t), M(Tv, Bv,t), M(Tv, Bv,t), M(Tv,Bv,t)] = 0 since ¥ is non-decreasing in
t,,t,and tg
Therefore using the property ¥, , We have N(Tv,Bv,kt) < N(Tv,Bv,t)
Therefore by using lemma 2.2 we have Tv = Bv.
This implies that Au = Su = Tv = Bv
But the weak compatibility of B and T implies that BTv = TBv which implies TBv = BTv = BBv .

Now let us show that Au is a common fixed point of A, B, Sand T.
Again in (3.4) taking x = Au, y = u it follows

M(AAU, Au, kt), M(AAU, Au, ), HAAAI HHIALALD, .
¢ M(AAUAUL) +M(AAU Au,t) =
. ,M(AAu, AAu, t) _
M(AAU, Au, kt), M(AAU, Au, ), A4
=9 M(AAu,Au,t)+1 1 =20
2 ! i
N M(AAu, Au, kt), M(AAu, Au, t), M(AAU, Au, t),] >0
@ M(AAu, Au, 1), 1 =

N [M(AAu Au, kt), M(AAu, Au, t), M(AAu, Au, t)
M(AAu, Au, t), M(AAu, Au, t)
Therefore using the property ¢, , we have M(AAu, Au, kt) = M(AAu, Au, t)

>0 since @ is non-increasing in ts.

Also,
N(AAU, Au, kt), N(AAU, Au, ), MAeARD NBudud o
N(AAu,Au,t);LN(AAu,Au,t) ’ N(AAu,AAu, t) =

N(AAU, Au, kt), N(AAU, Au, t), NAwAALD+0.
>V N(AAuAu,t)+0 0 : =0

| 2 '
Sy N(AAu, Au, kt)NIEI'éﬁﬁleﬁli)t)oN(AAu,Au,t), >0
>y N(AAU ﬁlléAl:?J iﬁASUNA(i;L NASJASU Au,0), >0 since ¥ is non-increasing in t..

Therefore using the property ¥, , We haveN(AAu, Au, kt) < N(AAu, Au, t).
Therefore by using lemma 2.2 we have AAu = Au.

Hence Au = AAu = SAu and Au is a common fixed point of A and S.
Similarly we can prove that Bv is a common fixed point of B and T.

Now since Au = Bv, we conclude that Au is a common fixed point of A, B, Sand T.
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The proof is similar when T(X) is assumed to be complete subspace of X. The cases in which A(X) or B(X) is complete
subspace of X are similar to the cases in which T(X) orS(X) respectively is complete since A(X) < T(X) and B(X) <
S(X).

For uniqueness of fixed point, let Au=Bu=Tu=Su=w; andAv =Bv=Tv=Sv=w,
Then (3.4) gives

M(Au, Bv, kt), M(Su, Tv, t), v SuOMENTv0, .
¢ M(Au,Tv,t)+M(Su,Au,t) =
. ,M(Su, Au, t)
M(w;, Wz, kt), M(w;, Wy, 1), M(wz'wlt)";M(wz'wz't) 1
= M(wq, W t)+M(wy1.ws ) =
i 2 Wbl ’ M(Wltwlt t)
M(W11W21 kt)x M(W11W21t)1w1
=@ M(wq,wy t)+1 1 =20
2 il
= [M(W11W21kt)xM(W11W21t)1M(W11W21t)1] > O
(p M(W11W21t)11 -

= [M(W11W21kt)xM(W11W21t)1M(W11W21t)1]
(p M(W11W21t)1 M(W11W21t)
Therefore using the property ¢, , we have M(w,,w,, kt) = M(w,,w,,1).

> 0 since @ is non-increasing in ts.

Also,
N(Au, Bv, kt), N(Su, Tv, t), N(BV'S“”;N(BV'T”’ 1.,
>
N(Au,Tv,t)+N(Su,Au,t) ’ N(SU, AU, t)

2

N (W11 W21 kt)) N (Wl ' WZ ' t)) N(W2 YWlt);N(Wz YWZYt)
>0

N(wq,wp,t)+N(wy,wy,t) =
12 2 — ,N(Wl,Wl,t)

N(W,, W, kt), N(Wl,wz,t),w
N(wl,v;lz,t)+0’0 =0
N(Wllwzlkt)l N(W11W21t)1 N(W11W21t)1]

>
=>q"|i N(W11W21t)10 _O
= l-IJ [N(W11W21kt)x N(W11W21t)1 N(W11W21t)1]
N(W11W21t)1 N(W11W21t)

>y

ER 4

> 0 since @ is non-decreasing in ts.

Therefore using the property ¥, ,

we have N(w,, w,, kt) < N(wy,w,,1).
And by using lemma 2.2 we have w, = w,,.
Hence the common fixed point is unique.

IV.CONCLUSION

The result on a common fixed point is successfully obtained for weakly compatible maps in Intuitionistic fuzzy metric
spaces using the common limit in the range property of mappings called (CLR) property which also generalize and
improve several results of metric spaces and fuzzy metric space into intuionistic fuzzy metric spaces.
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